Abstract: A thin, penetrable, and cylindrical reflector is illuminated by the incident field of a complex source point. The scattered field inside the reflector is not considered and its effect is modelled through a thin layer generalised boundary condition (GBC). The authors formulate the structure as an electromagnetic boundary value problem and two resultant coupled singular integral equation system of equations are solved by using regularisation techniques. The GBC provides us to simulate the thin layer better than the resistive model which is applicable only for very thin sheets. Hence, the more reliable data can be obtained for high-contrast and low-loss dielectric material. The scattering and absorption characteristics of the front-fed and offset reflectors are obtained depending on system parameters. Also, the effects of the edge loading are examined for both E-and Hpolarisations. The convergence and the accuracy of the formulation are verified in reasonable computational running time.
Introduction
The penetrable, thin, curved surfaces of lossy dielectric material have attracted considerable interest currently by researchers of electromagnetic scattering theory. One noticeable application is the reflectors used in the communication systems as microwave antennas. In the reflector antenna technology [1] , they are generally made up of perfect electric conductor (PEC) type materials, but some resistive layers can also be applied to the edge of the reflector to reduce diffraction effects [2] . As another application, the frequency-selective surface (FSS) reflector antennas [3] are manufactured from the dielectric materials which allow waves to pass through in some frequencies. If the thickness is very small compared with the wavelength, the layer can be treated by a resistive BC. If the thickness is smaller than the 0.1λ e where λ e is the wavelength, the single thin dielectric layer is called thin dielectric sheet (TDS) in the literature [4] . When the thickness of the thin dielectric layer is higher than the upper limit of the resistive case, it is needed to perform more accurate formulation to produce reliable numerical data.
In the simulation of TDS, an efficient approach is the dielectric physical optics (PO) [5, 6] as a high-frequency technique. The similar idea is generalised and applied to the three-dimensional (3D) reflectors having the multilayered structure as an extended PO [7] . PO can be improved by physical theory of diffraction (PTD) to model the edge waves by assuming the edges of the reflector as a local resistive half-plane. The asymptotic solution for scattering from a resistive half-plane is obtained in terms of Maliuzhinets functions. However, the high-frequency asymptotic solution for a thin layer half-plane thicker than the resistive case is not known. Therefore, the simple extension of PO to PTD is not easy. It should also be remarked that PO integral gives nearly correct result for a resistive case due to low diffraction effect.
One of the common techniques for the full-wave TDS simulation is to obtain a singular integral equation (SIE) on the reflector region and to solve it by the method of moments (MoM). For a TDS simulation, the volume integral equation (VIE) approach [8] is used to obtain MoM data with the tetrahedral-type basis functions. However, for the TDS, it produces some numerical errors because of the very flat tetrahedral production. To minimise this numerical error, one should increase the mesh density at the expense of additional memory and run time. In another study in [9] , the VIE-based MoM analysis is tried to prevent the previously mentioned numerical errors by using straight thin dipole-type basis functions carrying the sinusoidal current. Instead of the VIE, an old study given in [10] is improved by the proper numerical modelling of the field components varying along the normal direction of the TDS [4] . Recently, this study is generalised to solve multilayer TDS surfaces [11] . In [12] , the wideband frequency domain solution of the TDS surface modelling is done with the combination of another method. Therefore, it seems that the wide spectrum of dielectric constants and the thicker layer in the thin surface modelling is still of interest among the electromagnetic community. On the other hand, lack of high accuracy and convergence are drawbacks of the SIE-based MoM solutions because of the level of the singularity and its handling techniques. Therefore, a special analytical handling of the singular parts of the original operator is still a serious alternative. This alternative is the method of the analytical regularisation (MAR) via the SIEs [13] [14] [15] .
The MAR technique is applied to the flat geometries to get accurate numerical data. The simulation of the resistive-dielectric strip of periodic flat gratings is cited in [16] . On the other hand, the thin layer generalised boundary condition (GBC) given in [17] can also be used for the sheets having more realistic thickness. For example, in [18] , the SIE with its Nystrom-type solution is applied to a single material strip. In [19] , different forms of the thin layer GBC are studied for a thin flat strip having low-and high-contrast dielectric permittivity and good accuracy is obtained by comparing the results with the Richmond's VIE data [20] . Recently in [21] , the accuracy and limitations of the thin layer GBC are verified by using the Muller boundary integral equation method considering the material strip as an object. The thickness to width ratio of the strip is increased to quite larger values and it is seen that the thinner and wider strips show better agreement. In the recent paper [22] , MAR technique is applied to the computational photonics problems.
A curved and thin impedance reflector having the non-circular profile is considered and the resultant two coupled systems of SIE are solved by a more accurate MAR technique [23] . The reflector is a smooth surface and locally planar. Then it is seen that the thin layer GBC [17, 19] can permit us to model the penetrable layers having the larger thicknesses under the high-contrast approximation. The codes based on both PO and VIE-MoM are also produced. The VIE-MoM can be thought as an alternative of the full solution. It includes all physical effects. If the meshing level is taken as dense, we can assume it as a reference solution for comparison with other methods. The presented MAR code is possibly as accurate as the VIE-MoM and we can claim its accuracy, especially for the thin and moderate thicknesses under the thin layer GBC. Especially, Karlsson resistivity parameters can produce more accurate results [24] . It should also be mentioned that the presented MAR code has reasonable running times against the VIE-MoM. The PO is faster, but its accuracy is worse and it cannot be easily improved by PTD for the layer which is not very thin. Throughout the paper, e −iωt convention is used and suppressed.
Description of basic equations
The 2D reflector surface M can be an arbitrary conic section with an offset orientation (Fig. 1) . The d 1 , d 2 , and their corresponding angles φ 1 and φ 2 are the positions of lower and upper edges of the reflector. The reflector thickness h is electrically very thin, i.e. h << λ, and it is made up of a dielectric material whose permittivity ε r φ can be non-uniformly distributed depending on φ. When the reflector conic section is elliptic depending on the eccentricity (0 < e < 1), the feed is located at the first focus point F 1 and there is a second focus F 2 at a far point. If the second focus goes to infinity, then only the first focus point remains and the reflector surface becomes a parabolic profile (e = 1). Then f is the focal length of the reflector. In making out our formulation, the open arc of the reflector contour M is extended to a complete closed contour C via arc S. This arc S is the combination of two separate portions, i.e. S 1 −φ 2 , φ 1 conic section part and S 2 is the remaining complementary circle of radius a. Also, L is the centre shift of this circle.
The requirements for a unique solution are the satisfaction of the Helmholtz equation, Sommerfeld radiation condition far from the reflector and the source; the GBC on M and the edge condition of the local energy finiteness in any finite domain enclosing the edge points. These conditions warrant the uniqueness of the solution [25] .
The total tangential electric and magnetic fields on both sides of the thin layer can be stated as
where E (z, T) sc ± and H (T, z) sc ± represent scattered partial fields and E (z, T) in ,
in represent incident fields. Also the superscripts '±' indicate the front (+) and back (−) reflector faces. The subscript 'T' denotes the tangential field along t^. Here, the first term of the indices appearing inside the subparentheses indicates the direction of the electric field in the E-polarisation case and the second term in the parentheses representing the direction of the magnetic field in the H-polarisation case. The E-field is taken along the z-direction and the H-field has a component along the tangential direction in Epolarisation.
The GBC for a thin surface can be written as
where R T (r) and S T r are defined as R T r = R r Z 0 and S T r = S r /Z 0 . The thin layer is characterised by this non-uniform electrical resistivity R T and the magnetic resistivity S T . The free space intrinsic impedance is denoted as Z 0 . n and t^ are the unit normal and tangential vectors. The above boundary conditions can be obtained from the infinite slab geometries and then they can approximately be used for any smoothly curved surfaces when the radius of curvature is large [17] . In the case of a thin single-layer high-contrast material sheet, the resistivities (Mitzner type) can be given as
It is assumed that ε r φ >> 1 and k 0 h << 1 where k 0 is the free space wavenumber. Our reflector surface is thin single layer and the non-uniform permittivity variation in angle may exist [17] . An alternative to the approximate thin layer boundary condition is the compensated version of (5a) in terms of the thickness [24] . In this alternative, the thin layer has been replaced by a boundary condition that excludes the layer from the computation, but it keeps the thickness of the structure. Then the compensated version of the boundary condition is represented by the Karlsson resistivities
where v = i cot(k 0 h/4) and R and S are normalised versions of the parameters given in (5a). Also R T * = R * Z 0 and S T * = S * /Z 0 . Especially for thicker layers, Karlsson resistivities give more accurate results due to the proper phase correction and it is numerically studied in detail [21] . It is shown that these are valid for both low-and high-contrast cases again under the thin layer approximation. Even in the normal incidence, the Karlsson model gives the results very close to the exact one in magnitude and phase [24] .
The incident electric field and the magnetic field will be written for both polarisations by the complex source point (CSP) method as follows: 
Formulation of the SIEs
We first write the scattered tangential electric and magnetic fields just on the front and back side of the reflector surface for both polarisations. Then by applying the initially defined GBC with the total fields for both sides, one can obtain the following SIEs on the material surface. These SIEs are given in (7) and (8) for Epolarisation case, (9) and (10) for H-polarisation case. J z , M T and J T , M z are the electric and magnetic surface current densities indicating the tangential field discontinuity on the thin layer surface for E-and H-polarisation cases, respectively. Furthermore, G x = i/4 H 0 1 x is the 2D Green's function. Each integral equation constitutes a dual system with the zero surface current condition on the complimentary part S. So there are two coupled dual SIE systems in each polarisation. Also, the H-polarisation result can be obtained from E-polarisation by replacing the dual parameters. To do this, the electrical and magnetic resistivity values are interchanged
(see (8) )
(see (10) ) Suppose that the arbitrary conic section profile can be characterised by parametric equations in terms of the polar angle x = x(φ), y = y(φ) on MUS 1 where −φ 2 < φ < φ 2 . We denote the differential lengths in the tangential direction as ∂l = aβ(φ)∂φ.
is the length of the position vector defined on the conic section part from the origin, ξ(φ) is the angle between the normal and the x-direction, and γ(φ) is the angle between the normal and radial direction. We set the surface-current densities to zero on S (slot). Thus, we can modify the above SIEs on the complete contour C made of M and S(S 1 US 2 ) as such the corresponding angle φ spans the whole period, that is, φ ∈ 0, 2π . The radial parameter is given in piecewise manner in Table 1 for the whole contour C.
To proceed with the MAR-based formulation, all functions should be expressed in terms of the Fourier series (FS) form. The surface current densities are expanded into FS coefficients as follows:
Furthermore, to work with this way and make computations more economic, we add and subtract the similar functions from the original kernels. Then the corresponding FS coefficients can be computed by 2D-FFT algorithm efficiently and this provides us to solve reasonably larger geometries. We used here a regularised solution different than the MoM and two dual SIE systems are obtained. In the discretisation procedure, the first dual system has the singular kernels having the lower singularity and it is in the Fredholm second kind stable form. For the second dual SIE system, the Riemann-Hilbert method is used for the regularisation. The more singular part of the original operator of the second dual SIE system is analytically inverted by the RHP technique that is also called semi-inversion procedure. Finally, an algebraic equation system is obtained with the remaining parts.
Then combining them leads to the following matrix equation: Parameterisation of the problem geometry given in Fig. 1 Parameterisation of the closed contour C −φ 2 < φ < φ 2 (arbitrary conic section part) 
Scattering and absorption characteristics
The scattering characteristics of a material reflector illuminated by a CSP feed are obtained by far-field radiation pattern. The total radiated field can be written as
where , i.e. y 0 = 0 and x 0 = 0 in our case. The incident field has been already defined previously by (6) . The scattered field for both polarisations can be written by using the following integral:
and
The required field components can be obtained by using (16) and (17) for the specified polarisation type. Besides x and y are the coordinates of the observation point in the near zone of the reflector surface. The total power radiated by the CSP feed in the presence of reflector is
The total radiated power is a function of the reflector material parameters as well as the source and reflector geometry parameters. Together with the absorbed power captured by the lossy penetrable surface, power conservation law must be satisfied in (19) , whereas the power supplied by the CSP for both polarisation depending on k indices.
The evaluation details of this supplied power are given in [15] . In computations, the power values are normalised by the power radiated by the same CSP source into free space, i.e. P 0 .
Numerical results
We present the radiation characteristics as such the radiation patterns, directivities, and power plots which are obtained by changing the various parameters of the presented formulation. For comparison, we also used PO technique for a thin dielectric layer [5] [6] [7] . We carried out our calculations using MATLAB ® software program in a PC with Intel i5 processor working on Windows 8 platform. We did not make any comparison with the commercial codes. Instead of this, we tried to make an explanation using the results produced from our own codes. Also, it should be said that the Mitzner and Karlsson boundary conditions are used in the numerical codes based on the FDTD technique as mentioned in [24] . The radiation patterns are obtained by using VIE-MoM and MAR (Karlsson) , and the results are compared with each other. Generally, it is found that all patterns have similar characteristics. . The maximum directivity is obtained for parabolic cross-section as expected. Similarly, Fig. 3 presents directivity and its relative accuracy for Hpolarisation case with the smaller directivity levels than Epolarisation case. This drop is attributed to higher edge effects seen in H-polarisation. These two figures show that the convergence in directivity and the observable decrease in relative error can be guaranteed with increasing N tr . This is a verification of the statements that are the convergence and accuracy in the used regularised formulation of the presented problem. The wavelength in material is defined as λ e = λ 0 /Re ε r .
In Fig. 4 , the layer thickness h is chosen as 0.25λ e . By considering the equivalent slab model at a point of the reflection on the surface, the maximum reflection coefficient is near unity. Then it is expected that the field should drop to smaller values at the back side of the reflector due to shadowing. In Fig. 4 , the far-field radiation patterns are compared for the thin dielectric layer by using the present MAR (Karlsson) and the PO methods. The expected sharp drop at the back side is not observed. Also an increase is observed at the region between 40° and 70° in Fig. 4b . This situation is seen to be higher for thicker layers and observed for only for H-polarisation case. The interfering fields inside the layer become more dominant for thicker layers and even the stronger standing wave currents can occur. The side lobe increase between 40° and 70° in the radiation patterns can be attributed to these oscillatory currents.
The antenna patterns based on VIE-MoM and MAR are compared in Figs. 5-7 in terms of the increasing thickness and the relative permittivity. The relative permittivity values are taken as 4, 20, and 50 in the figures. Also the E-polarisation and the circular reflector cases are studied in these figures and the feed is located at the half distance of the radius. In Fig. 5 , the thin reflector case is considered and h is taken as 0.15λ e . If the ε r is equal to 4 in Fig. 5a , Mitzner resistivity result deviates from the others due to the relatively low level of the dielectric constant. In Figs. 5b and c, all results almost close to each other under the high-contrast approximation. It is seen that the field passes through the reflector along the backward direction due to the high transmission property of this transparent sheet.
In Fig. 6 , the thickness h is 0.25λ e . The expected shadowing in the magnitude of the field is not observed in both methods of VIEMoM and the MAR (Karlsson type). This is similar to the parabolic reflector results given in Fig. 4 . When we did not consider the Mitzner results, VIE-MoM and the presented MAR are very similar. The VIE-MoM solution is performed by using the pulse type basis functions which are chosen inside the thin dielectric reflector. The circular geometry has a shift-invariant structure along angular direction. We followed the Galerkin's procedure with this Toeplitz symmetry of the circular case along angular direction and we computed the appearing integrals sensitively. Normally the MoM directivity has not so converged in terms of problem dimension (see Table 2 , small variation), but the MoM code is faster for 2 radial divisions. However to obtain more accurate results, we should take high discretization level (N = 800 along angular and Nr = 5 along radial), then it becomes slower compared to the MAR. We consider this dense MoM results for comparing purposes. Since the MoM formulation is full and all physical effects should be included. Furthermore, the recordable shadowing at the back side is not observed here and the field level is not too small like seen in the perfectly conducting reflectors. It may not be seen because the infinite slab model is changed near the edges. The field can penetrate inside the material and radiate through the back region. Therefore, complicated interactions on the curved thin sheet may occur. Also increasing the relative dielectric constant of the layer reduces the back field around 2-3 dB. Since the field reduction is expected inside the layer. This observation also supports our claim.
In Fig. 7 , the thickness h is 0.4λ e . The thin layer approximation becomes to deviate and naturally all results become different and this is seen dominantly in Fig. 7a . When we increase the dielectric constant, it again makes the electrical thickness lower and the deviation between the methods reduces as seen in Figs. 7b and c. Next we increased the discretisation level close to our computer memory capacity and the results are presented in Table 2 . As it is seen, the overall running times are greater for the VIE-MoM. However, there is not much difference in the CPU times because we write our MoM code for the circular and shift-invariant case. If one performs the similar analysis for the parabolic surface, the big difference will appear in the running times. The directivity is almost in the same level in the VIE-MoM and the presented MAR results. However, it is seen in Table 2 , MoM has a slow convergence, so it needs the dense mesh for the proper comparison. Therefore, we observe that the presented MAR gives quick and accurate results.
The far-field radiation patterns with two different polarisations are presented in Figs. 8a and b for the offset parabolic reflector. The results are obtained from the MAR code using the Karlsson coefficients. One can say that the computed radiation level drops 2-3 dB for the backside angles of the reflector. However, this field level drop is not observed in H-polarisation. This can be explained that even the reflection is high; the stronger surface interactions for H-polarisation produce the extra field level in the backside region. Also, an increase is observed at the region between −150° and −30°i n Fig. 8b . This situation was also seen in Fig. 4 as discussed in the related sentences.
The results for Figs. 9 and 10 are obtained from the MAR code using Mitzner parameters which are very close to Karlsson for this thin case. Having presented uniform dielectric case, we disclose non-uniform edge loading effect by changing dielectric material properties. This edge loading is computed by decreasing the relative permittivity linearly from middle region value ε r m = 70 + 5i to the edge point value ε r e = 10 close to the edge [15] . It is expected that this variation decreases edge effects. Far-field patterns of Eand H-polarisations with uniform and non-uniform edge loadings are given in Figs. 9a and b. Field levels are reduced in the nonuniform case for both figures especially in 30° and 110° region. However, in H-polarisation, the radiation level drop is larger as expected. By this non-uniformity, the edge effects are reduced, but this is high for Fig. 9b because the edge effects are stronger for Hpolarisation.
We further study the scattered and absorbed power variations by changing the problem parameters. Fig. 10 describes the total radiated and absorbed normalised powers and even the forward (N r N) where N is the angular and N r is the radial division of the thin circular region. In PO, N is indicating the total division during the computation of PO integral by using directivity versus the complex part of the relative permittivity ε r . The variable parameter η is defined as ε r = 20 1 + iη . The electric field strength inside the thin layer is stronger in E-polarisation, so the absorbed power is greater in this case. Consequently, the radiated power level in E-polarisation is small. Figs. 10a and b confirm our claims. In Fig. 10b , there is a critical η value that makes absorbed power maximum. If we increase η, the absorbed power starts to incline and reaches 0 when η → ∞ (PEC). The forward directivity increases with the increasing η because the reflector surface approaches to PEC case as shown in Fig. 10c . However, the directivity becomes smaller for H-polarisation again due to the higher scattering of the waves from the reflector due to the dominant edge effects.
Summary and conclusion
A thin and penetrable cylindrical reflector illuminated by CSP is studied by using the thin layer GBC. The properties of the model are clearly verified in our numerical results. The total scattering and absorbed power plots are shown and also the radiation patterns are compared with the extended PO and VIE-MoM solutions. We see that the field levels do not drop much in the backside region. This may be due to the complicated interactions of the waves in and on the surface of the thin reflector. There are many studies for very thin resistive layers in the literature, whereas studies of thicker layers are very few. Here, more realistic curved reflectors having high-contrast dielectric constant through the SIEs-based MAR solution are simulated. Our reliable computed data can be used in the design of transparent thin reflectors. 
